Reading Group(oid) Lecture Notes

Organisers/editors:
Oscar Carballal (UCM, Madrid)

Rubén Izquierdo-Lépez (ICMAT, Madrid)
Asier Lopez-Gorddn (IMPAN, Warsaw)
Juan Manuel Lépez Medel (ICMAT, Madrid)
Bartosz Maciej Zawora (KMMF-UW, Warsaw)

NSTITUTO DE CIENCIAS MATEMATICRS

Last update: January 12, 2026



Contents

[Lectures]
Lecture 1 — O. Carballal (UCM)|

Lecture 2 — Bartosz M. Zawora (KMMEF - UW)|
(1. Lie groupoids: definition and examples|
[2. Morphisms and subgroupoids|

Lecture 3- Rubén Izquierdo-Lopez (ICMAT)|
[3.  Locally trivial Lie groupoids|

Lecture 4 — Asier Lopez-Gordon (IMPAN)|
I Bociond

Lecture 5 — Juan Manuel Lopez Medel (ICMAT)|
[>.  Components and transitivity]|

Lecture 6 — Paula Alba San Miguel (UNED)|
6. Actions]

Lecture 7 — [Tomasz Sobczak (KMMF-UW)||

ILecture 8 — [Juan Manuel Lépez Medel (ICMAT)||
[7. Linear actions and frame groupoids|

ILecture 9 — O. Carballal (UCM)|
ILecture 10 — Asier Lépez-Gordon (IMPAN)|

11
11
14

15
15

19
19

27
29

33
33

39

41
41

47
49
95


https://www.youtube.com/watch?v=LYk_wBBrfxk&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK
https://www.youtube.com/watch?v=RIKEA43GtSE&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK&index=2
https://www.youtube.com/watch?v=HPwVIDe8Z-g&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK&index=3
https://www.youtube.com/watch?v=OzFc2iWSoNE&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK&index=4
https://www.youtube.com/watch?v=BsWNQIirIZg&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK&index=5
https://www.youtube.com/watch?v=x_OM1NeaEkA
https://youtu.be/z1CEppjKUZg?si=2IhyiVNGiwm2xOPO




Lectures






Lecture 1 — O. Carballal (UCM)

‘ Date: 7 October, 2025‘

Abstract: We illustrate the need for groupoids through a series of examples, primarily following [2]
Lecture 1] and [3], and discuss some of their recent applications in Mathematical Physics. We also outline
potential directions for future topics of our Reading Groupoid.

Since F. Klein’s Erlangen program and the pioneer work of S. Lie regarding the definition
of geometric structures through their group of automorphisms, the notion of symmetry has
been studied through the theory of groups and their actions.

Symmetry = Groups € actions

Symmetry of homogeneous structures, such us homogeneous spaces, can be fully described
using groups. This is no longer valid when analysing the symmetry of non-homogeneous
structures.

The very first example of symmetry group is the Fuclidean group F(n), consisting of rigid
motions of R™. More concretely,
E(n) :={¢ : R" — R" : ¢ preserves distances}
Every ¢ € E(n) is univocally determined by a rotation A € O(n) and a translation vector
b e R" as ¢(r) = Az + b and, hence, E(n) is the semidirect product E(n) = O(n) x R". Let
us now consider the action E(n) ~ R" given by ¢-x := ¢(x) for every ¢ € E(n) and z € R".

Then, we define the symmetry group of a subset € as the subgroup Ggq of E(n) formed by
those rigid motions leaving €2 invariant; that is,

Gq :={¢ € E(n) : ¢(Q) =Q}.

Let us now adopt the following credo:

Gg is large = 2 is very symmetric

Example 1 (Weinstein’s tiling [3]). Let us study the symmetry group of the following tiling
of R? by 2 x l-rectangles:

Q:=(2ZxR)U (R x Z) C R%

Within this context, every connected component of R? — Q is called a tile. Let A be the
lattice determined by (2, corresponding at the borders of the tiles,

A=2ZxR)N(RXZ)=2ZxZ.
Then, one easily sees that the symmetry group Ggq of (2 consists of the following elements:
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e translations by vectors u € A, corresponding to the corner points of A;

e central reflections through the points of %A =7 X %Z, the latter corresponding to
the centers of the tiles, and

e axial reflections along the vertical and horizontal lines trough the points of %A.

Since G, is a big group, following the faith in our credo, €2 is very symmetric. Nevertheless,
there are some problems:

e () and the lattice A have the same symmetry group G = Gy, although Q2 and A
look quite different;

o (G contains no local information about the action Go ~ R?, and

e the symmetry group of the finite tiling Q := Q N B, where B := [0,2m] x [0,n]
is a ‘bathroom floor’; is isomorphic to the Klein four group Zs x Z, (note that it
is spanned by the horizontal and the vertical reflections through the midline of B,
whose composition is the 180° rotation around the centre of B). In particular, we
see that €2 is very symmetric but Qs not, even though they share the same patterns
and independently of the number of tiles.

To address these issues, we introduce the action groupoid associated with Gg ~ R™,
defined as

Go == {(y,¢,7) : ¢ € Ga, 7,y ER",y = ¢(2)}, (1)
and endowed with the partially defined multiplication
(2,0, y)(y, 6, %) == (2,0 0 ¢, ). (2)

In order to analyse the properties of this partially defined multiplication, we introduce the
source s : Gog — R™ and target t : Go — R™ maps as

S(y7 ¢7 x) = 'I’ t(y7 ¢7 ‘/'E) = y7 (y7 ¢7 'CL‘) 6 gQ'
One easily sees that satisfies the following four properties:

(1) COMPOSITION. Given g, h € Gq, gh is only defined when s(g) = t(h). In that case,
s(gh) = s(h) and t(gh) = t(g).

(2) AssociaTiviTy. If g, h,k € Gq are such that s(g) = t(h) and s(h) = t(k), then
(gh)k = g(hk).

(3) UniTs. For all z € R”, let us denote 1, := (z,id, z) € Go. Then, 1yyg = g = glgy)
for all g € Gq.

(4) INVERSE. For all ¢ = (y,¢,z) € Gq there exists g7' := (z,¢7!,y) such that

gg_1 = 1t(g) and g_lg = 15(9).
These are, exactly, the properties characterising a groupoid.
Definition 1 (Groupoid). A groupoid consists of two sets, G and M, together with maps

s,t: G — M (source and target projections);

m:G® :={(g,h) :s(g) = t(h)} = G, (g,h) — gh (multiplication);
u: M — G,x— lx (unit), and

i:G—G,g— g (inverse),

satisfying the following four properties:

(1) Ifz&y&x,thenz(ﬂx;
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2) Ifz &y &z & v, then (gh)k = g(hk);
(3) There exists &2 2 such that for all y <& 2, we have 1,9 = g = 1,, and

1

(4) If y < 2, there exists = & y such that gg~' =1, and g~ 'g = 1,.

From now on, we will denote the groupoid as G = M, where the parallel arrows refer to the
source and target maps.

Remark 2. (1) A groupoid is a small category where every arrow is invertible. Within
this language, given a groupoid G = M, G is usually referred to as the set of arrows
of the groupoid, M is the set of objects or units (also called the base of the groupoid),
and G is the set of composable arrows.

(2) We write arrows from left to right to refer to the order of composition. Everything
can be done analogously writing arrows from left to right by swapping the source
and target maps s and t.

(3) Groupoids can be restricted to subsets of the set of units. That is, given a groupoid
G = M, its restriction to N C M is the groupoid

Gly :=s ' (N)Nt™ ' (N) = N.

Definition 3 (Orbit and isotropy group). Let G == M be a groupoid and let z € M be a
unit.

e The orbit of x is O, := {y € M : there exists g € G,y < z}.
e The isotropy group of v is G, :==s Y z) Nt (z) ={g € G: 2 & z}.
Example 2 (Weinstein’s tiling continued [3]). Let us now go back to the tiling Q of R?

introduced in Example [I] First of all, we consider the action groupoid Go = R? associated
with Go ~ R?, defined in ([I)); that is,

Go = {(y,6,2): ¢ € Go,y & 2} = R,

and let us now consider its restriction to the ‘bathroom floor’ B = [0,2m] x [0, n], namely
Galp = B. Then:

e 1.y € B belong to the same orbit if they are similarly placed in their tiles, and
e the isotropy group of a point x € B is trivial, unless z € %A N B, for which its
isotropy is the Klein four group.

This means that Go|p = B detects local information.

Some applications to Mathematical Physics.

e Groupoid picture of Schwinger’s quantum mechanics by F. M. Ciaglia, A. Ibort,
G. Marmo and collaborators initiated in [4]. Recent work on the formulation of
fields as functors between groupoids by A. Ibort, A. Mas and L. Schiavone [5].

e The material groupoid, a groupoidal approach to continuum mechanics, by M. de
Leén, M. Epstein and V. Jiménez [6].

e Discrete Lagrangian and Hamiltonian mechanics on Lie groupoids by J. C. Marrero,
D. Martin de Diego, E. Martinez and L. Colombo [7), 8].
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Local Lie group actions. Let us consider the Lie group PGL(2,R) consisting of ho-
mographies of the projective line RP!. Explicitly, one has

PGL(2,R) = GL(2,R)/R,

where R refers to the subgroup of GL(2,R) formed by non-zero diagonal scalar matrices.
Clearly, PGL(2,R) acts on RP! as

b
KZ d)] xo r ] = [axg + by ¢ cxo + dy]. (3)
Let us now analyse how PLG(2,R) acts on the affine line R = RP' — {[1:0]}. Given an

Z)} € PGL(2,R), we have

(o e[zt ] cn

provided that cz 4+ d # 0. It is natural to consider the following question:

affine point [zg : z1] = [z : 1] € R, where x := z/z;, and [(Z
that

[ Does formula define a Lie group action on R? ]

Of course, the answer to this question is negative, since is only defined on an open
subset of PGL(2,R) x R. Indeed, it defines what is called a local Lie group action (see [9] for
more details). This means, roughly speaking, that only satisfies the defining properties
of a Lie group action on a neighbourhood of the unit element of PGL(2, R).

Hopefully, this problem can be tackled successfully when one considers groupoids rather
than groups. First of all, let us consider the so-called action groupoid associated with the Lie
group action PGL(2,R) ~ RP! defined in (3)) as the groupoid G := PGL(2,R) x RP! = RP!
with source and target maps given by

s([A) [zo r 1)) = [wo s @], ¢ ([A], [wo s 21]) = [A] - [wo = 3],
and multiplication defined as

(1B, [y : ) ([A] [20 = 21]) := (IBA], [xo, 21]),

provided that [A] - [zo : z1] = [yo : y1]. Then, the restriction of G = RP! to the affine line R
is the groupoid

s mm = {([(¢ D] o) erorem B casol =

Within this context, the target map of G|g = R is just formula .

Singular spaces. Let G ~ M be a smooth action of a Lie group G on a manifold M
(see [10], Chapter 2] for more details on Lie group actions). Recall that the action is said to
be

e freeif g-x = x for some x € M, then g = e, and
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e proper if the map ® : G x M > (g,z) — (g-z,x) € M x M is a proper map.
That is, for every compact subset K C M x M we have that ®1(K) C G x M is
compact. This is equivalent to the following: if (g,) and (z,) are sequences in G
and M, respectively, such that (z,) and (g, - x,) are convergent, then (g,) contains
a converging subsequence.

Provided that the action G ~ M is free an proper, the quotient manifold M /G has a
unique smooth structure such that the projection map = : M — M /G is a submersion. For
instance, let us consider the action G = Z* ~ M = R given by translations:

(ny,...,ne) - (@b 2%) = (2 + g, 2 ).
It can be easily seen that this action is free and proper. Hence, the quotient space R*/ZF,
which is the k-dimensional torus T* := R¥/Z* possesses a unique smooth structure such

that the projection 7 : M — M /G is a submersion.
What happens when the action G ~ M is not free and proper?

If action G ~ M is not free and proper, G/M is a “singular space”

Example 3. Let us consider the actions SO(2) ~ R? and SO(3) ~ R? given by rotations.
Both of these actions are proper, since the associated Lie groups are compact. Nevertheless,
they are not free: the origin is a fixed point of every rotation. The “singular spaces” R?/SO(2)
and R?/SO(3) are both homeomorphic to [0, +00). Notwithstanding, they are not equivalent
as singular spaces because their associated action groupoids SO(2) x R? = R? and SO(3) x
R3 = R? are not Morita equivalent. Roughly speaking, this can be justified as follows.
The isotropy group of x € R? — {0} is trivial, while the isotropy group of z € R3 — {0} is
isomorphic to SO(2).
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Lecture 2 — Bartosz M. Zawora (KMMF - UW)

Date: 14 October, 2()25‘

Abstract: During the lecture, I will recall the definition of a groupoid from the previous session and
present the definition of a Lie groupoid. I will provide many useful and important examples and prove some
fundamental properties. The lecture will follow Mackenzie’s book “General Theory of Lie Groupoids and
Lie Algebroids™.

1. Lie groupoids: definition and examples

Definition 4. A groupoid consists of two sets G and M, with maps,

s:G — M (source),

t:G — M (target),

u: M — G|z 1, (unit),

i:G—G|g—g ' (inverse),

k:GxG =G| (h,g) —> hg where GxG :={(h,g) € G x G |s(h)=1t(g9)},
satisfying

hg) = s(g) and t(hg) = t(h) for all (h,g) € G x G,
/(hg) = (jh)g for every j, h,y € G such that s(j) = t(h) and s(h) = t(g),
1) =t(1;) = x for any =z € M,

5) For each g € G, there exists two-sided inverse ¢! such that s(¢g7') = t(g), t(¢g7!) =
s(9), 9719 = Ly(g), and gg~" = 1y).

To simplify the notation, G = M denotes a groupoid.
Proposition 5. Let G = M and g € G with s(g) = x and t(g) = v.

(1) If h € G with s(h) = g and hg = g, then h = 1,,.
If j € G with t(j) = x and gj = g, then j = 1,.
(2) If h € G with s(h) =y and hg = 1,, then h = g~ 1.
If j € G with t(j) = z and gj = 1,,, then j = g~ 1.
Definition 6. Let G = M. Then, G, := s~ !(z) is called a s-fibre over z € M, similarly
GY := t7!(x) is a t-fibre over y € M, and GY := G, NGY = s (x) Nt~ (y). Moreover,
the set G, N GY is called the vertex group. The set of identity elements 1,; is defined as
{1 | me M}.
Definition 7. A Lie groupoid G = M is a groupoid G = M with smooth manifold structures
on G and M such that s,t: G — M are surjective submersions, u: M — G is smooth, and
k: G*G — @ is also smooth.

11
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Remark 8. Since s,t: G — M are submersions it follows that G,, GY, and (s x t)"!(z, ') are
closed embedded submanifolds for some x, 2" € M.

Definition 9. Let G = M and g € G with s(g) = x and t(g) = y. Then, the left-
translation corresponding to g is Ly: h € G¥ — gh € GY. Analogously, the right-translation
corresponding to g is R,: h € G, — hg € G,

Definition 10. A Lie groupoid is s-connected if each of its fibres is connected. Likewise,
for any other property «a, a Lie groupoid G = M is s-« if each of its fibres has property a.

Proposition 11. Let G = M. The inverse map i: G — G is a diffeomorphism.

PRrROOF. Note that the tangent bundle to G x G is given by
TG+G)={(YV,X) e TGxTG | Ts(Y)=Tt(X)}.

Suppose that h,g € G are such that s(h) = t(g), Y € Ty(Gsn)), and X € T,(G"9)). Then,
by Leibniz rule, it follows

Tngr(Y, X) = TaRy(Y) + TyLn(X) . (5)
Define 0: GG — G x; G as

0(h,g) = (h, hg),

where G X, G := {(h,g) € GxG | t(h) = t(g)}. Then, one can simply verify that 6 is bijective
with 671(¢,7) = (¢,i7'j). To prove that € is an immersion, suppose that T, 0(Y, X) =
(0,0). Moreover, define m1: (h,g) € G x G+ g € G and my: (h,g) € G X G — h € G.
Therefore, since w9 0 0 = 79, it follows that Y = 0. Consequently, by , one has X = 0 and
0 is an immersion.

Furthermore, by the fact that s and ¢ are submersions and dimG * G = dim G x; G, one
obtains that  is a diffeomorphism. For u: h € G +— (h, LynG x¢ G, one has

(mof~ op)(g) = (m0607")(g,lug) =milg.97") =9g".

Hence, (71 0607 o p) = i. Since (m; 0 07! o u) is smooth, it follows that i is also smooth. In

addition, since inversion is its own inverse, it is therefore a diffeomorphism. 0

Remark 12. The unit map u: M — G is smooth and is an immersion, by the fact that

tou=1idyy, sou =1idy; .

Consequently, 1, is a closed embedded submanifold of G.

Example 4 (Lie group). A Lie group is a Lie groupoid with a unique unit, namely G = {x}.

Example 5 (Manifold). Any manifold M can be regarded as a Lie groupoid on itself, where

Example 6 (A pair groupoid). For any manifold M, one has a pair groupoid M x M = M

with arrows (y, ) € M x M, s(y,z) = z, i(y,x) = y, u(z) = (z,2), i(y,z) = (z,y), and
((2,9), (y, ) = (2, ).

Note that G7 is trivial.

Example 7 (Trivial groupoid). For a Lie group G and a manifold M one can construct
a Lie groupoid M x G x M = M with s(y,g,2) = z, t(y,g9,2) = y, u(x) = (x,e,z),
i(y,9,%) = (v,97",y), and

w((z,h, ), (y,9,7)) = (y,hg, x) .
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Example 8 (Submersion groupoid). For a surjective submersion 7: M — @ one has a
submersion groupoid
MxoM= M,

where M xo M = {(y,z) € M x M | m(y) = ()} and is given by the restriction of a pair
groupoid M x M = M to M xqo M.
Example 9 (Action groupoid). Let G x M — M be a Lie group action on a manifold M.
Then, G x M = M is an action Lie groupoid with s(g,x) = z, t(g,z) = gz, u(z) = (e, x),
i(g,2) = (97", 9x), and

k((92,9), (91, %)) = (9201, @) ,
of y = g1x. Note that G x M is isomorphic to GG,. An action Lie groupoid is denoted as
G<aM.
Example 10. ADD DRAWINGS
Example 11 (Fundamental groupoid). Let M be a smooth manifold and let TI(M) be the
set of homotopy classes [y] of continuous path ~: [0,1] — M, relative to fixed and points
7(0) and ~(1). Then, II(M) = M is a groupoid with s([y]) = v(0), t([Y])7(1), u(z) = [v],
where 7, is a constant path at x € M, and

k([0], [v]) = [07],
where § is the standard concatenation of v and §, namely
Add

Moreover, i([y]) = [5], where 5 is the reverse path, namely % (¢) = v(1 — ¢).

Example 12. Let (E, g, M) be a vector bundle. Let ®(FE) denote the set of all vector space
isomorphism &: E, — E, for some z,y € M. Then, ®(E) = M is a frame groupoid with
s(&) = x, t(§) =y, u(x) = idg,, the inverse of £ is just an inverse map of £, and multiplication
k is the composition of maps.

Example 13 (Jet groupoid). For a local diffeomorphism ¢: U — V between open sets of a
manifold M, and given = € U, let jlp be the one-jet of p at x € U. Then, J'(M, M), the

set of all such one-jets, has a natural groupoid structure J'(M, M) = M with s(jlp) = =,
t(jap) = 9(x), KoY, Jap) = Ja(1 0 p), and the inverse is given by i(j,0) = jo)9 "

Example 14 (Gauge groupoid). Let (P, M, G, ) be a principal bundle and let (ug,u1,g) €
P x P xGw (ugg,u1g9) € P x P. Let [(ug,u1)] denote the equivalence class in (P x P)/G.

Then,
PxP

G
is a Lie groupoid with s([(ug,u1)]) = 7(u1), t([(uz,u1)]) = 7(ug), u(z) = [(v,v)] for v €
7 (), i([(uz, w)]) = [(u1, uz)], and

r(([(us, u2)]), ([(u2, ur)])) = [(us, ur)] -
Example 15. Let G be a Lie group with a Lie algebra g. Then, T*G = g* is a Lie groupoid
with s(0) = 0o T.Ly, t(0) = 0o T R, for given ¢ € T;G. Additionally, for ¢ € T} G, one has

H;(()OJ 9) =po Tthg—l =fo rTthh—1
and i(p) = p € T{G with i(0) =0 o TeL, 0 Ty R, € T; 1 G.

Example 16. Let G = M be a Lie groupoid. Applying tangent functor to each maps yields
a Lie groupoid TG = TM.

=M



14 LECTURE 2 — BARTOSZ M. ZAWORA (KMMF - UW)

2. Morphisms and subgroupoids

Definition 13. Let G = M and G’ == M’ be groupoids. A morphism of groupoids (G =
M) — G' = M’ is a pair of maps (F, f) such that the following diagrams commute

G g¢ ¢—1-g GxG 2 gxg
ls J Jt Jt, J J CIEM = M
ML ML G ———¢

and f = id,s, then F' is called a base-preserving morphism, or morphism over M. If G = M
and G' = M’ are Lie groupoids, then (F, f) is a Lie groupoid morphism if F' and f are
smooth.

Remark 14. The smoothness of I already implies the smoothness of f. Moreover, The above
definition implies that F'(h)F(g) is well defined whenever hg is.

Proposition 15. Let (F, f) be a groupoid morphism. Then,

(1) F(1;) = 1) for every x € M,

(2) F(g7') = F(g)~! for every g € G.
Definition 16. A morphism (F, f) is an isomorphism of Lie groupoids if " and hence f are
diffeomorphisms.
Example 17. Let G = M. Then, x := (t,8): G X G — M x M | g — (t(g9),s(g)) is a
morphism over M from G = M and M x M = M. The map Y is called the anchor of G.

Example 18. Let G<tg*, where the action is given by Ad,_.. Then, the left-trivialisation of
Ai(g,v)eGxgrr—voTyL,1,
is an isomorphism over g* of G<g* and T*G = g*, see Example [15]

Example 19. For any G = M, the tangent bundle projections pg: TG — G and py;: TM —
M give rise to a Lie groupoid morphism from TG = TM to G = M.

Definition 17. Let G = M be a Lie groupoid. A Lie subgroupoid of G == M is a Lie
groupoid G’ = M’ with injective immersions ¢: G' — G and t,: M’ — M such that (¢, o)
is a Lie groupoid morphism. A Lie subgroupoid G’ = M’ of G = M is embedded if G’ and
M' are embedded sumbanifolds of G and M, respectively. A Lie subgroupoid G’ = M’ of
G = M is wide if M = M’ and 1, = idy,.

Example 20.If G = M is a Lie groupoid and N C M is an open submanifold, then
G¥ = s Y(N)NtY(N) is clearly a Lie subgroupoid.

Example 21. If G = M is a groupoid, the inner (set) subgroupoid is defined as ZG :=
{g € G: s(g) = t(g9)}. In general, if G = M is a Lie groupoid, this does not define a Lie
subgroupoid.
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Lecture 3— Rubén Izquierdo-Lépez (ICMAT)

Date: 21 October, 2()25‘

Abstract: In this lecture, I will present locally trivial Lie groupoids, and prove their ”correspondence”
with gauge groupoids. The lecture essentially follows section 1.3 from Mackenzie’s book “General Theory of
Lie groupoids and Lie algebroids”

3. Locally trivial Lie groupoids

Before introducing the definition of locally trivial Lie groupoid, let us recall the notion
of transitive groupoid.
Definition 18. Let G = M be a groupoid (not necessarily Lie groupoid). Then, it is called
transitive if the map (¢,s): G — M x M is surjective.

Hence, a groupoid G = M is transitive if for every pair of points x,y € M there is an
element g € G such that s(g) = x and t(g) = y:

g
oY = ot

Notice that if a set groupoid G == M is transitive, then it is trivial. Indeed, fix x € M and
choose a right inverse of the restriction of the target map to the s-fiber of x:

a: M —G,, toa=idy .
Then, we can build the following isomorphism of set groupoids:

O:MxGEXM—=G, ®(zgy) =s(2)g sy " (6)

z &

.,

\ g /

s )
[ ]

What we are going to study now is how this picture translates into the theory of Lie
groupoids. The adapted notion of transitivity to the smooth category is the following:
Definition 19. Let G = M be a Lie groupoid. It is called locally trivial if the map
(t,8): G — M x M defines a surjective submersion.

Our first objective is to show that the isomorphism defined in Eq.(@]) is well defined locally.
In order to achieve this, we need to prove the following characterizations of Definition [19}

15
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Proposition 20. Let G = M denote a Lie groupoid and = € M be a fixed point. Then, the
following statements are equivalent:

(1) The Lie groupoid G = M is locally trivial.
(2) The restriction of the target map t: G, — M defines a surjective submersion.
(3) The map

5Zgg;><gw_>g7 5(97h)3:h‘g_17

is a surjective submersion.

PROOF. Let us prove the equivalence of the first and last pair of conditions:

o (1) < (2)|(2) clearly follows from (1). Now, to prove the converse, notice that

we may write (t,s) o = (¢,t). Since, by hypothesis, the map on the left is a
surjective submersion, it follows from the chain rule that (¢, s) must be a surjective
submersion as well, so that the Lie groupoid is locally trivial.

e (2) < (3)| Assume (2) and define G, X,y G = {(n,€) € G. x G : t(n) = t(&)},
together with the following map:

V:Go X Gy = Gaxu G, W(hg):=(hgh™).

Using the fact that t: G, — M defines a surjective submersion, we have that G, x ;G
is a smooth manifold, and that ¥ defines a diffeomorphism. Hence, to show that ¢ is
a surjective submersion, we only need to show that 1»~! 0§ is. A quick computation
shows that ©~! o § is the projection onto the second factor, which is clearly a
surjective submersion. For the converse, it is enough to write t 0 § = t o w, where
m: G Xy G — G, denotes the projection onto the second factor. Now, the map on
the left is clearly a surjective submersion, so t: G, — M is a surjective submersion
as well.

O

Now we can show that a locally trivial Lie groupoid G == M is, in fact, locally trivial.
Indeed, choose x € M and let {U;} be an open cover of M, together with sections of
t: G, > M

S;: Uz — gm .
Now, if we define maps ®: U; x G x U; — ggl as in Eq.@ (where the space in the right
denotes the restriction groupoid), we have an isomorphism of Lie groupoids, so it is, in fact,
locally trivial. The maps s; are called decomposing sections and the collection {s;} is
called decomposing atlas.

Let us give two examples of locally trivial Lie groupoids:

Example 22. Let E — M be a vector bundle. Then, the frame groupoid ®(FE), defined as
the space of linear isomorphisms F, — E, is locally trivial.

Example 23. The gauge groupoid of a principal bundle is locally trivial.

In fact, we claim that every locally trivial groupoid is the gauge groupoid of a principal
bundle. Indeed, by our previous discussion, we know that for fixed x € M, the map

t: G, > M
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is a fiber bundle with standard fiber G* (this can be seen taking a decomposing atlas).
Furthermore, G7 acts on the right by multiplication:

(I):nggi_)ga:a (I)(hag):hg

This action is free and defines a principal G7-bundle structure on t: G, — M. We may
wonder how does this construction depend on the choice of point z € M. The relation is
given as follows:

Proposition 21. Let § = M be a locally trivial Lie groupoid and let ¢ € G. Denote
x = s(g) and y = t(g). Then, we have the following diffeomorphism

V:G,—G,, ®(h):=h-g
which, together with the “inner” Lie group isomorphism
0: Gl = Gr. pk)=g "' k-g

defines an isomorphism of principal bundles over the identity on M.

Proor. Clearly, ¥ defines a diffeomorphism, and ¢ defines an isomorphism of Lie groups.
To check that these two maps define an isomorphism of principal bundles, we need to show
that W is equivariant with respect to the action. Indeed, let h € G, and k € GJ/. Then,

U(h-k)=h-k-g=(h-g)-(g7" - k-g)=U(h) k),
which completes the proof. ([l

Summarizing, to each principal bundle, we can associated its gauge groupoid, which is
locally trivial; and to each locally trivial Lie groupoid we may associate a principal bundle
(after making a choice x € M). These operations are inverses of each other. However, the
isomorphisms depend upon choices, and they cannot be chosen naturally. Nevertheless, the
isomorphisms depend functorially:

Proposition 22. Let M be a manifold, 7: P — M be a principal bundle over M, and
G = M be a locally trivial Lie groupoid.

(1) Given ugp € P and denoting x¢ := m(up), the map

P— ((PxP)/G) u— [(u,up)],

xo

is a diffeomorphism, the map

G — ((Px P)/G)ig , g [(uo - g,u0)],
is an isomorphism of Lie groups, and together they define an isomorphism of prin-
cipal bundles over M. Furthermore, given a morphism of principal bundles f: P —
P’ where P’ is a principal bundle over M’, denoting wuj := f(ug) and z{, := 7'(uy),
we have a commutative diagram:

(P x P)/G),, — (P"x P)/&"),,

l .

where the arrows are defined in the obvious manner.
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(2) Given x € M, the map
(gr X gﬂv)/gg — ga [(.97 h)] = gh_l )

defines an isomorphism of Lie groupoids. Furthermore, given a morphism of Lie
groupoids ¢: G — G’ where G’ is a locally trivial Lie groupoid over M’, if we define
z' = p(x), we get a commutative diagram

(Go % G2)/Gs —— (G'or x G') |G
| |
g g’

where the arrows are defined in the obvious manner.

PROOF. The proof follows from a straight-forward computation. O

An important consequence of Proposition [22]is the following:

Corollary 23. Let G = M denote a locally trivial Lie groupoid and G" = M’ denote a Lie
groupoid (not necessarily locally trivial). Let ¢: G — G’ be a set morphism of groupoids.
Then,

(1) Fix . € M. If p: G; = G is smooth, sois ¢: G — G
(2) If ¢ is smooth in a neighborhood of the identity, ¢ is smooth.

Proor. (1) follows straight-forwardly using Proposition [22] (2). (2) follows by checking
(1) for a particular = € M, using right translations. O

As we mentioned already, the correspondence should not be thought of as an equivalence,
given that it is not natural. However, we may use constructions from the world of principal
bundles and carry them over to the world of locally trivial Lie groupoids. The most important
of these constructions being the associated bundles. Given a principal G-bundle 7: P — M,
and a left action of G’ on a manifold F', we can build a fiber bundle P[F| — M with standard
fiber F' by taking the quotient P[F] := (P x F)/G, where (p, f) ~ (p-g,97' - f). When G
preserves a particular structure on F' (group, vector space, hermitian...) the induced bundle
P[F] inherits this structure fiber wise. For instance if G acts on itself by conjugation, P[G]
is a Lie group bundle. When P is the principal bundle obtained from a locally trivial Lie
groupoid G, — M, the canonical Lie group bundle may be thought of as the inner groupoid:

Proposition 24. Let G = M be a locally trivial Lie groupoid, z € M, and G,[G?]| denote
the canonical Lie group bundle. Then, the map

takes values in the inner subgroupoid ZG C G.

PROOF. The proof follows from a straight-forward computation. O
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4. Bisections

The main reference for this lecture are [II, Section 1.4] and [11, 12].

Let G = M be a Lie groupoid with source s: G — M, target t: G — M, unit u : M —
G|z 1, and inverse i : G — G | gr—> g L.

On a group G 3 g, left-translations L,: h — gh and inner automorphisms I,: h +— ghg™*

each form a group isomorphic to G itself, while right-tranlations Ry: h — hg constitute a
group anti-isomorphic to G.

On a groupoid, on the other hand, left-tranlations and right-tranlations only are defined
on fibers of the target and source projections, respectively:
Ly,:G">h— ghegG”,
Ry: Gy > hw— hgeG,,
where g € G with s(g) = x and t(g) = y. In order to extend these concepts to maps of the
whole groupoid, we introduce the notion of bisections.
Definition 25. A bisection is a smooth section o: M — G of s (i.e., soo = Idys) such that

too: M — M is a diffeomorphism. The set of bisections of G is denoted by Bis(G).

In other words, a bisection is a smooth map o: M — G making the following diagram
commutative:

q

M too M

where all the maps are smooth.

Proposition 26. The set of bisections Bis(G) is canonically endowed with a group structure,
with multiplication

Bis(G) x Bis(G) 3 (0,7) — o %7 € Bis(G)
oxT1(x) = a((to T)(at))r(:c), VeelM.

19
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The neutral element is just the unit map of the groupoid, while the inverse element o~! of
o is determined by the inverse map of the groupoid, namely,

oY (z) = z‘<a((toa)‘1(x))> = (0((t°0)_1<$>))

-1

o*x7(x)

B o) @
z=too(y) y=tor(r) +—— x=sor7(x)
\1/ \/

o 1(2) (e ()

PROOF. For any o, 7 € Bis(G), we have that s(o x7) = s(7) = Idy, and t(o x7) = t(0),
which is a diffeomorphism. Thus, o %7 is also a bisection. The fact that u: M >3z — 1, € G
is the identity element is obvious. Finally, for any = € M, we can write

o ((to o)) = (o()) .

and thereupon

Moreover,

oxo Hz) = a((t o O'_1>(.7}))0'_1(LL’) = a((t o 0_1)(:10)) (U((t o a)_l(x))>_1

but

and thus

Remark 27. The map
Bis(G) 0 +— t oo € Diff (M)

is a group homomorphism. Furthermore, any morphism of Lie groupoids over M
f:(G=2M)—> (H=M)
induces a morphism
Bis(f): Bis(G) — Bis(H)
o foo.

Hence, we can regard Bis as a functor from the category of Lie groupoids over M to the
category of groups:

Bis: LieGroupoids,; — Groups.
In particular, isomorphic Lie groupoids have isomorphic groups of bisections.

Remark 28. In principle, Bis(G) is only a group. Under certain assumptions on G and M, it
is possible to endow it with a structure of Lie group (see [11] and references therein).
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Example 24 (Lie group). Given a Lie group GG, we have the Lie groupoid G = {*}. Then,
Bis(G) = G.
Example 25 (Manifold). Given a manifold M, we can define the Lie groupoid M = M
with s =t = Idjs, whose group of bisections is Bis(M) = {Id,}.
Example 26 (Pair groupoid). For M x M — M, any bisection is of the form

o MxXM—M, o(x)= (go(x),x) ,
with ¢ € Diff(M). Hence,

Bis(M x M) = Diff(M).
Example 27 (Trivial groupoid). Consider the Lie groupoid M x G x M = M, for a Lie
group G and a manifold M, with s(y,g,z) = z, t(y,g,z) = y, u(x) = (z,e,x), i(y,g,x) =
('r? g_17 y)’ and
k(2 hy), (y,9,2)) = (y,hg, x) .

Any bisection 0: M — M x G x M can be written as

o) = (o), 0(x),z),

where ¢ € Diff(M) and 0: M — G is a smooth map. The multiplication is given by

o1 x 03(x) = <901 o pa(z), (91 ° 802($))92(13)7x> , YoelM,

for any pair of bisections o; = (ip;, 0;,Idy) € Bis(M x G x M), i = 1,2. The inverse is given
by

@) = (¢7 @07 (07 @) ) . Yo e,
Example 28 (Action groupoid). Consider an action Lie groupoid G<tM:

(hg,z)
N (h.g) (g
z2=hgr «+—— y=gr +——
~_ 7 1
(h~1,2) (97"w)

A bisection of G is a smooth map
o M—-GxM, ox)= (p(:z:),x)
such that M > x — too(x) = p(x) - x € M is a diffeomorphism.

The Lie group action of G on M is transitive (i.e., for any x,y € M, there exists a g € G
such that y = gz) if and only if for each ¢ € Diff (M) there exists a bisection o such that

p(x)=too(x)=p(z) -z, VeeM.

Example 29 (Frame groupoid). Let (E, ¢, M) be a vector bundle. Let us recall that the set
®(F) of all vector space isomorphisms

& E,—FE,, xz,yeM,

can be equipped with the structure of a Lie groupoid, the so-called frame groupoid ®(E) =
M.
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X5 -2
p= 1) ey = (e <E = s(ey)
\/ \/
xz)~t (3

There is a one-to-one correspondence between bisections of ®(F) and VB automorphisms
of the VB (E, ¢, M). Indeed, if o € Bis(®(F)), we can define 7: E — E by

G: By 20, 0(2)(vg) =E&(v,) € Ey.
Then,
oxT(ve) = 0 x7(2)(v2) = &5 - X3 (v2) =T 0T (v2), Vvp € Epy Ve e M, (8)

that is, the multiplication of bisections corresponds to the composition of automorphisms.
The identity bisection (i.e., the unit map of the groupoid) corresponds to the identity auto-
morphism:

u=Idg .
Therefore,
o 1=@"
Conversely, given a VB automorphism
E—f‘-FE
ol
M 2= M

we can define a bisection o by
o(x) =z By = Epmy, YV e€M.
The local triviality of the VB guarantees the smoothness of o.

Each VB automorphism 7: £ — FE, and thus each bisection o € Bis(®(F)), induces a
map of sections of F:
g:T(E) = T(F),

given by
5(u)(too(r)) =ou(u(x) = o(@)u(x), VueT(E), VeM,
that is,
5 (x) = o((to o) (@))u((to o) (x)).
It also induces a map of smooth functions
G:C°(M) — (M)
frsfo(too)™™.

The map of sections inherits the R-linerity from the associated VB automorphism. In par-
ticular,

o1+ p2) =6 () +6(p2), Vi, pe €T(E).
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By equation , the multiplication of bisections corresponds to the composition of the
associated maps of sections:

—_~—

OxL =00

=

Moreover,

o(fu)@) =o((too) (1)) f((too) " (2))n((to0) ' (z))
=o(f)(@)a(p)(x), Vpel(E), Vfe? (M) VrelM,
i.e.
o(fu)=06(f)a(u)-
In particular, the map ¢: I'(E) — I'(E) is not an automorphism of the ¢*°(M)-module
['(E).
Notation 29. The maps 7,6 and ¢ are all denoted by @ in Mackenzie’s book.

Example 30 (Gauge groupoid). In the previous lecture, we saw an isomorphism of prin-
cipal bundles over M relating (P, M, G, ) and the gauge groupoid (also known as Atiyah
groupoid) % = M (see Proposition . In particular, given ug € P with z¢ := m(ug), the
map

PxP

G

is a diffeomorphism. Let ¢: P — P be a principal bundle automorphism, such that the
diagram

P>uw [(u,uo)} €

zo

P—"=7pP

™

3

M -2,
is commutative, and
p(ug) = p(u)g.
These type of principal bundle automorphisms are called gauge transformations. Composing

the gauge transformation ¢ with the principal bundle isomorphism above, we can define an
inner automorphism

PxP PxP
¢ G
[, u] = [(v), o(u)] .
Its associated bisection o € Bis((P x P)/G) is given by
PxP
G
r=m(u)+— {gp(u),u} :

o.M —

Moreover, a locally trivial Lie groupoid G = M and the gauge groupoid of its vertex bundle
at any xo € M are isomorphic Lie groupoids over M

— G, [(g,n)]—gh™,
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Therefore, their corresponding groups of bisections are isomorphic:
: [ Gao X Gs
Bis (G) = Bis | ———="% | .
0) = is (P
Hence, each bisection ¢ € Bis(G) can be written as

o:x=t(g) — ¢(9)g~", Vg€ Gy,

where ¢: G,, — G,, is an automorphism of the principal bundle (G,,, M, G, t).

xo?

Definition 30. Let G = M be a Lie groupoid. A bisection o € Bis(G) defines three maps
L,,R,,1,: G — G as follows:

e The left-translation
L,(9) = o(t(9)) - 9. (9)
e The right-translation

Rol9) = g-0((to o) (s(9)) ). (10)

e The inner automorphism
—1

() = () 9+ (o(s(9) ) - ()

The following properties can be proven straightforwardly:

Lowr = Ly OL’T7
RO’*T - RT ORO'7
Ioir = [O'O[T7

I,=L,oR,-1=R,~10L,,

for any o,7 € Bis(G). Therefore, the sets of left-translations, right-translations, and inner
automorphisms each form a group under composition; the maps ¢ — L, and o — I, are
group isomorphisms, while ¢ — R, is an anti-isomorphism.

Definition 31. Let G = M be a Lie groupoid, and let U C M be an open subset. A local
bisection is a smooth map o: U — G such that soo = Idy and t o ocU — too(U) is a
diffeomorphism. The set of local bisections of G on U is denoted by Bisy (G).

Each local bisection o € Bisy(G) defines:

e The local left-translation L,: G¥ — GV, given by (9).
e The local right-translation R,: Gy — Gy, given by (10).
e The local inner automorphism I,: G — Gy, given by (11).
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Proposition 32. Let G = M be a Lie groupoid. For any g € G, there exists a sufficiently
small open subset U C M and a local bisection o € Bisy(G) such that g = o(U).

PRrooF. Let C' be a complementary vector subspace to both ker T,s and ker Tyt in T,G,
namely,
TG =kerTys®C =kerTgtdC.
Since the source map is a surjective submersion, it has local sections. On a sufficiently small
neighbourhood U € M of s(g), we can choose (e.g. working in local coordinates) a smooth
map o: U — G such that s o o = Ids and

Te()0 (TS(Q)M) =C.

Thus,
Ts(g)(t o O')I V — Ts(g)(t o O')(V)

is an isomorphism. Consequently, there exists a sufficiently small neighbourhood U C U
such that ¢ o o], is a diffeomorphism onto its image. U
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Abstract: In this session we first record basic facts about local bisections and give an explicit formula
for multiplication in the tangent groupoid. We continue with Section 1.5. Components and Transitivity.
We show that the identity—component subgroupoid C is generated by symmetric neighbourhoods of the unit
section, is open, and yields connected reductions of principal bundles by choosing components of the total
space. Finally, orbits are shown to be submanifolds and transitive Lie groupoids are locally trivial.

We first start with two easy corollaries from the last proposition of the previous lecture:

Corollary 33. Let G = M be a Lie groupoid. For each xz € M, t, : G, — M is of constant
rank.

PRrROOF. Take g,h € G,. Then j = gh™! is defined and so there is a local bisection
o € BisyG with t(h) € U and o(t(h)) = j.
Now L, : GY — GY, where V = (too)(U), maps h to g and t, 0 L, = (too)ot,. Hence the
ranks of t, at g and h are equal. 0

Corollary 34. Let G be a Lie groupoid on M. Then for all z,y € M, GY is a closed
embedded submanifold of G, of G¥ and of GG. In particular, each vertex group G% is a Lie

group.

PROOF. Since GY = t;'(y) is the preimage of a point under a map of constant rank, it
is a closed embedded submanifold of GG, and hence of G. A similar argument applies for
GY C GY. It follows that GZ x G% is a closed embedded submanifold of G * G and so the
restriction of the multiplication in G is smooth. 0

The set of all L, for 0 € BisyGG and U C M open is not a pseudogroup on G since it is
not closed under restriction. The following result, which will be needed in Chapter 3, shows
that this is unimportant.

Proposition 35. Let GG be a Lie groupoid on M. Let ¢ : Y — V be a diffeomorphism from
U C G open toV C G open, and let f: U — V be a diffeomorphism from U = t((Ud) C M
to V. =1¢(V) C M, such that sop = fotand top = fot and ¢(gh) = p(g)h whenever
(9,h) € G*xG, g € U and gh € U. Then ¢ is the restriction to U of a unique local
left-translation L, : GY — GV where o € BisyG.

PROOF. For x € U choose g € U® and define o(z) = ¢(g)g~!; clearly o(x) is well defined.
Since the restriction t : i — U is a submersion, ¢ is smooth and is therefore a local bisection
on U withtoo = f.

That L,(g) = ¢(g) for g € U is clear, as is the uniqueness. O

27


https://www.youtube.com/watch?v=BsWNQIirIZg&list=PLWmWVtLPiXLj58YkRr2uESlwurPcipJFK&index=5

28 LECTURE 5 — JUAN MANUEL LOPEZ MEDEL (ICMAT)

Thus any local diffeomorphism 4 — V which commutes with the Ry, : Gy) — Gy in
the sense of last proposition is the restriction of a local left-translation L, : Gt — G*0V).

In any case, for a general Lie groupoid G we will often treat the set of local bisections as
if it were a pseudogroup on M with law of composition «: if o € BisyG with (too)(U) =V
and 7 € Bisy G with (t o 7)(V') = W, then 7 x ¢ is the local bisection in (to o)~} (V)NV
defined by

(rx0)(z) =7((t o o)(2))o(z),

providing (too)~H(V')NV is not void. We will abusively refer to the set of all local bisections,
together with this composition, as the pseudogroup of local bisections of GG, and will denote
it by Bis'"*(@).

We will often need to consider the effect of base-preserving morphisms on bisections.

Definition 36. Let ¢ : G — G’ be a morphism of Lie groupoids over M. Then the maps
BisG — BisG’, 0 — ¢ o 0, and Bis'°G — Bis'*°G’, o — ¢ o o, are both denoted by @ and
called induced morphisms (of groups, and abusively pseudogroups, respectively).

The following important formula for the multiplication in a tangent groupoid makes
essential use of the concept of bisection.

Theorem 37. Let G = M be a Lie groupoid, and denote the multiplication by . Let
X € T,(G) and Y € T),(G) have T'(s)(X) =T(t)(Y) = w. Then

X oY = T(k)(X,Y) = T(L,)(Y) + T(R,)(X) — T(L,)T(R,)(T(1)(w)).

where o, 7 are any (local) bisections of G for which o(s(g)) = ¢g and 7(s(h)) = h.

PROOF. First suppose that o = 1,,,. Then X — T'(1)T'(s)(X) is defined and is annulled
by T(s). So (X —T(1)T(s)(X)) e 0y, is defined and we can write

X oY = (X — T(1)T(s)(X)) 8 04 + T()T(t)(Y) o Y.
Using ([5), and remembering that T'(1)7(¢)(Y) is an identity in TG, we have
X oY =T(Ry)(X —T(1)T(s)(X)) + Y. (12)

Now consider the general case. We have L, (1)) = g; write Z = T(L;*)(X). Since L,
commutes with s, we can apply to get

ZeY =T(R,)(Z - T)T(s)(2)) +Y.

Ry is the restriction to Gy, — Gy of R.. Also, X oY =T(L,)(Z)eY =T(L,)(ZeY),
since k o (L, X id) = Ly 0 K.
We obtain the equation of the proposition. 0

This gives a complete description of the multiplicative structure of T'G. In particular, if
X € T,G and o is a (local) bisection with o(s(g)) = g, then

T(0)(X) = T(R,HT(W)T(s)(X) + T(L; )T ()T(1)(X) — T(R, )T (L, ") (X).

o o
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5. Components and transitivity

We first extend to groupoids two elementary facts about topological groups:

e the component of the identity is a subgroup and
e that subgroup is generated by any neighbourhood of the identity.

Proposition 38. Let G = M be a Lie groupoid. For each x € M let C, denote the
connectedness component of 1, in ;. Then C' = C(G) = U,epnC, is a wide Lie subgroupoid
of GG, called the identity-component subgroupoid of G.

ProOOF. By definition C' contains each 1,, x € M, so it is certainly wide. Take g € C¥
and h € C} and consider hg = Ry(h) € C;. Because R, : G, — G is a diffeomorphism, it
maps components to components; since g = R,(1,) € R,(C,) we have C, N R,(C,) # () and
therefore C, = R,(C,). Hence hg € C,. So C'is closed under multiplication. Taking g € C¥
again, we have 1, € R,-1(C;) N Cy so R,-1(C,) = C, and hence g~! = 1,47 € C,, which
proves that C' is closed under inversion.

Let N be a tubular neighbourhood for 1,;, and regard N as a vector bundle over M with its
zero section identified with 1: M — G. Then N C C'. Now the C,, x € M, are leaves of the
foliation defined by T°G = ker T'(s) and so C'is the union of the integral manifolds of 7°G
which meet the open set N. Hence C' is open and is therefore a Lie subgroupoid of G. [

It is implicit in this proof that the ¢t-fibres C¥ are the identity components of the ¢-fibres
GY of G, and that, for g € G¥, the component of GG, containing g is Cyg and the component
of GY containing g is gC,. Clearly the various components of any one s—fibre need not be
diffeomorphic.

If M is connected, then C' = (N,C,) N 1, is connected, since each C, N 1, is nonvoid.
Conversely, if C'is connected then M = ¢(C) is connected.

Proposition 39. Let G be a Lie groupoid on M. Then the identity—component subgroupoid
C = C(G) is open in G.

PROOF. Let p: R? x R? — U C G be a distinguished chart for the foliation induced by
T°G, where U N1y # @ and ({0} x R?) =U N 1y. Then clearly U C C. Taking the union
of such U we obtain an open neighbourhood of 1,; in G which is contained in C'. Now C' is
the union of those leaves of the foliation which intersect the open neighbourhood and so is
itself open. O

Proposition 40. Let 2 be a locally trivial Lie groupoid on a connected base M. Then
C = (C(9Q) is also locally trivial.

PROOF. Let {o; : Ui — Q,} be a section-atlas for Q2. We can assume the U; are
connected, so each ;(U;) lies in a single component C; of €,,,. Choose any m; € U; and
define Ti ¢ Uz — Ot(gi(mi)) by 7'1(.73) = Ui(.Q?)O'i(mi)_l.

Next consider any t, : €2, — M. This is a surjective submersion and therefore open; hence
t.(Cy) is open in M. Now the t,(C,), as = ranges through M, are either disjoint or equal,
and therefore are also closed. Since M is connected, we must have ¢,(C,) = M for allz € M.
For each i we can therefore choose a & € C,,, with t§; = to;(m;). Then {v; : U; — C,,}

defined by v;(z) = 7;(x)&; gives a section-atlas for C. O
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Of course it is true in general that if a Lie groupoid has a subgroupoid which is locally
trivial, then the ambient groupoid itself must be locally trivial. The construction of the
identity component subgroupoid thus has a principal bundle analogue.

Consider a principal bundle P(M,G, ) on a connected base. Choose any component P, of
P. Define

H:{96G|Pog:Po}'

It is clear that H is an open subgroup of G. By an argument similar to last proposition,
To = m|p, : P, — M is surjective; it remains a surjective submersion since P, is open in P.
Further, P, x H — P, remains a free action, and its orbits are equal to the fibres of 7,, by
an argument similar to that in Proposition 38|

Definition 41. The principal bundle P,(M, H,r,) is a connected reduction of P(M,G).

Example 31. Let P be the space R x Z and let G be the discrete space Z x 7Z with the
semidirect product group structure

(m1,n1)(ma, n2) = (ma +ma, (=1)"°n; + na).
Let G act on P to the right by

and let 7 : P — M = S! be w(z,p) = €*™*. Tt is easy to verify that P(M, G, ) is a principle
bundle.

The component of P through (0,0) is P, = R x {0}. Evidently, H = Z x {0}. The bundle
P,(M, H) can be identified with the covering R(S!, Z).

Note that P(M,G) is the pullback of the universal cover R*(K, @) of the Klein bottle K
along the map S' = R/Z — K = R?/G induced by R — R? x — (x,0).

This example illustrates that H need not be normal in G.

Proposition 42. Let G be a Lie groupoid on M. Let U be a symmetric set (that is, U D 1y,
and U~' = U) such that each U, is open in G,. Then the subgroupoid H generated by U
has H, open in G, for all x € M.

PRrROOF. We prove this by induction.
Since U is symmetric, H is merely the set of all possible products of elements from U.
Choosing = € M, the set of all n-fold products g, - -- g1 from U with sg; = = is the union
of all Uy;) € G, where j is an (n — 1)-fold product from U. Since R; : Gy — G, is a
diffeomorphism, the set of all n—fold products from U which lie in G, is open in G,. Hence
H, is open in G,. [

Definition 43. A set U/ satisfying the conditions of the previous proposition, will be called
a symmetric s-neighbourhood of 1, (or, of the base) in G.

Proposition 44. Let GG be a Lie groupoid on M, and let H be a wide Lie subgroupoid of
G. If each H, is open in G, x € M, then each H, is also closed in G, x € M.

PROOF. The complement G, \ H, is the union of all Hyy)g as g ranges over G, \ H,.
Since Hyy) is open in Gy it follows that Hy,g is open in G,. [

The following result is now immediate.
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Proposition 45. Let GG be a Lie groupoid on M, and let ¢ be a symmetric s-neighbourhood
of 17 in GG. Then U generates the identity-component subgroupoid C of G.

* k ok ok ok

As we know, a groupoid G = M is transitive if and only if the anchor is surjective. At
the other extreme, the following case is often encountered.

Definition 46. A groupoid G = M is totally intransitive if the image of (t,s) : G — M x M
is the base subgroupoid A,; of M x M.

For any G = M, the image of the anchor (¢,s) : G — M x M is an equivalence relation
on M. The equivalence class of x € M, denoted O, = 0,.(G), is the transitivity component
of G through z, or the transitivity orbit of G through x. Note that O, = t,.(G,) = s*(G”).
Except where confusion is possible, we will generally just write orbit.

Example 32. The transitivity components of a fundamental groupoid II(M) are the con-
nectedness components of M, and the transitivity components of an action groupoid G < M
are the orbits of the action. For a surjective submersion ¢ : M — @, the transitivity com-
ponents of R(q) € M x M are the fibres of ¢.

A Lie Groupoid Bibundle considered as a Lie groupoid is totally intransitive. Groups are
both transitive and totally intransitive.

For a set groupoid G' = M, each restriction G© to an orbit O is a transitive subgroupoid
of G, and G can be regarded as the disjoint union of the transitive subgroupoids G, as O
runs through the orbits. In the case of Lie groupoids, it is clear that the smooth structure
cannot be obtained so simply. A good example to keep in mind throughout this section is
the cotangent groupoid example

Theorem 47. Let G be a Lie groupoid on M. Then for each € M, the orbit O, = t,(G,)
is a submanifold of M.

PROOF. Denote G, by P and G% by W. Then, for the same reason as in Corollary [34]
the restriction of the groupoid multiplication to P x W — P is a smooth action of a
Lie group on a manifold. It is easily seen to be proper: if K,L C P are compact then
{weW | KwnL # @} is the image under P x;, P — W, (h,g) — h™'g, of the closed
subset K x;, L = (K x L)N (P x;, P) of the compact set K x L and is therefore compact.
Since the action is also free, it follows that {(gw,g) | g € P, w € W} is a closed embedded
submanifold of P x P and so there is a quotient manifold structure on P/W.

Define ¢ : P/W — M by i(¢W) = t,(g). Then 7 is smooth and injective. Since P — P/W is
a submersion, rk, W (i) = rky(t,) for all g € P, and so ¢ is of constant rank with image O,.
Now an injection of constant rank is an immersion. 0

In particular, G,(O,, G%, t,) is a principal bundle. It is clear that, as sets,
G, x Gy
G3
Since t, is of constant rank it follows, as in Proposition [20, that the division map 4§, :
G, x G, — G is also of constant rank. Hence % — ( is an injection of constant rank,
and therefore an immersion. Thus Ggi is a submanifold of G, and we have the following
result:

= G
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Theorem 48. Let GG be a Lie groupoid on M and let O be an orbit of M. Then there is a
manifold structure on G© with respect to which it is a submanifold of G and a Lie groupoid
on O. Further, G© is locally trivial.

Corollary 49. A transitive Lie groupoid is locally trivial.

For ease of reference we state explicitly the following results, proved above.

Corollary 50. Let G be a Lie groupoid on M, and let x € M. Then ¢, : G, x G, — G is
of constant rank. Further, G is locally trivial if and only if J, is a surjective submersion.

Example 33. Let G x M — M be a smooth action of a Lie group on a manifold and
let G < M be the action groupoid. Applying Corollary shows that each evaluation
map is of constant rank, applying Theorem [47| that the orbits are submanifolds of M, and
transitive Lie groupoids are locally trivial, that if G' acts transitively, then M is equivariantly
diffeomorphic to a homogeneous space. The fact that transitive Lie groupoids are locally
trivial, also includes the existence of local cross-sections for closed subgroups of Lie groups.

To avoid misunderstanding, we will refer to ‘the orbit foliation of the base’ only when
the foliation is known to be regular; in general we refer to ‘the orbit partition of the base’.
We know that any Lie groupoid may be restricted to any open subset of the base, and that a
Lie groupoid may be restricted to any of its orbits. The following general result concerning
restrictions is easily proved.

Proposition 51. Let G = M be a Lie groupoid and let ¢ : S — M be a submanifold such
that ¢ x 1 : S xS — M x M and (¢,5) : G — M x M are transversal. Then G with its
submanifold structure is a Lie subgroupoid of G.

A submanifold satisfying the condition is said to be transversal to G.
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Lecture 6 — Paula Alba San Miguel (UNED)

Date: 25" November 2025‘

Abstract: In this section we discuss Lie groupoid actions on smooth manifolds, the morphisms between
such actions, and their intrinsic definition. We also apply results from previous sections to the study of
actions.

6. Actions

We are interested in defining the action of a Lie groupoid G = M on a manifold M’, so
it generalizes the action of a Lie group on a manifold. The lecture follows section 1.6 from
Mackenzie’s book “General Theory of Lie groupoids and Lie algebroids”.

In order to make use of the groupoid structure of G = M is reasonable to expect that
not every element of G will be able to act on any point of M’. Also, if (h,g) € G* G, we will
ask h to be able to act on gm' for every m’ g can act on, and that (hg)m’ = h(gm').
Definition 52 (Action of a Lie groupoid). Let G = M be a Lie groupoid and let f : M" — M
be a smooth map. Let G x M’ be the pullback manifold:

G« M ={(g,m) € Gx M|s(g) = f(m')}

An action of G on f: M' — M is a smooth map ® : G « M’ — M’ that we will note
®(g,m’') = gm’ such that:

(1) f(gm') =t(g), V(g,m') € G* M'.
(2) h(gm') = (hg)m’, ¥(h,g) € G * G and m' € M’ such that (g,m’), (h,m’) € G x M’,
(3) Lpmym' =m/ ¥Ym' € M.

For m’ € M’, the subset G[m'] = {gm'|g € Gs(m)} is the orbit of m/.

Remark 53. In case f is a surjective submersion, its fibres, that we will denote M, , are closed
embedded submanifolds of M’ and, for each g € G, the map @4« M, is a diffeomorphism

from {g} x M, to {g} x Mj

If that is not the case, the fibres aren’t necessarily manifold, so the action need not be
smooth when restricted to the fibers.
Remark 54. Each isotropy group G7 acts on M/, and the action is a Lie group action when
it is smooth when restricted to the fibres.

g)’
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Example 34 (Trivial action). For every groupoid G = M, we can define its action on the
trivial bundle M x F' as follows:

Gx(MxF)= || Gux({m}xF)—MxF
mes(G)

(9,5(9),a) = (t(g),a)

Example 35 (Gauge groupoid acting on its principal bundle). Given a principal bundle
P(M, G, ), the groupoid Pép = M acts on 7 : P — M as follows:

PxP
G
([p1,p2)sp) = p1

*xP—>P

For s([p1,pa]) = m(p2) = p, and then, there exists g € G such that [p1, p2] = [p1g, p2g] and
b2g = D-.

Example 36 (Gauge groupoid acting on an associated fibre bundle). Given a principal
bundle P(M, G, ), let PXP = M be its Lie groupoid. Given ¢ : G x ' — F' a left action of

G on a manifold F, we con81der the asociated fiber bundle p : (P éF ) —» M. Then, £ ép =M
(P><F

can act on through the smooth map p:

PxP . PxF R PxF
G G G
([p17p2]7 <p27a’>> = <p17a>

Notice that s([p1, ps]) = 7(p2) = p((p2, @) and t([p1, pa]) = 7(p1) = p({p1, @)

In order to gain a better understanding of grouopid actions, we will study those maps

which, while transforming the manifold on which the action takes place, remain invariant
under the action.
Definition 55 (Equivariant map). Let G = M be a Lie groupoid, and let G * M' — M!
and G * M? — M? be actions of G on f; : M* — M, for i = 1,2. Then, a smooth map
¥ MY — M? such that fy 0 = f; is said to be G equivariant if 1)(gm’) = gi(m’) for all
(g,m') € G+ ML

M1 v M2 Gx M — Y Gy
R / ‘I’li l‘“
M Ml ; M2

It is also interesting to study groupoid morphisms that transform the action of one
groupoid to the action of the other.
Definition 56 (Equivariant groupoid morphism). If G = M and H = N are Lie groupoids
and p: M' — M and q: N' — N are smooth maps, let G« M’ — M’ and H « N' — N’ be
actions on p and q. Let ¢ : G — H be a morphism of Lie groupoids over f : M — N and let
Y : M — N’ be a smooth map such that qo = f op. Then, 1 is said to be ¢ equivariant
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it Y(gm’) = p(g)(m') for all (g,m’) € G = M'.

XY

MY N G« M H o« N
"i lq %i iq’”
M*f>N Ml w N/

On lecture 3, we proved that, if G = M is locally trivial, it is isomorphic to % =M
with P = G, and G = G¥ with x € M. Let us call that isomorphism .

Theorem 57. Let G = M be a locally trivial groupoid, and let G x M" — M’ be an action
of G on a surjective submersion q : M’ — M. Then, for any m € M if we call P = G,,,,
G =G and F' = M/ , the fibre bundle (M, q, M) is diffeomorphic to (PéF,p, M) through a
diffeomorphism of fibrations that is equivariant with respect to the isomorphism of groupoids

Y % = % — G seen in Lecture 3.

That is, all actions of locally trivial groups are of the type of example [36]

PROOF. The isomorphism ¢ is defined as ¢([g, h]) = gh™!, so the map:

P x F

(9,a) — ga

— M

is equivariant with respect to , since qo({gh, h™'a)) = q(ga) = t.(g) = p({gh, h~'a)) and
U(lg, ] - (h,a)) = ¥ ((g,a)) = ga = (gh~")ha = ©([g, h))Y((h, a)).

It only remains to proof that ¢ is a diffeomorphism. 0

Proposition 58. Let P(M,w,G) be a principal bundle and let B and B’ be two associated
fibre bundles corresponding to actions G X F' — F and G x F' — F’ of G on manifolds F’
and F’.

(1) If f: F — F’ is a G-equivariant map, then f : B — B’ : (u,a) — (u, f(a)) is a well

defined morphism of fibre bundles over M, and is & AXJP -equivariant.

(2)If p: B— B'isa P%\f—equivariant morphism of fibre bundles over M, then ¢ = f
for some G-equivariant map f.

PROOF. (1) is easy to verify

For (2), if ¢ is a £F-equivariant morphism of fibre bundles, ¢ ([p1, p2](pa, a)) = [p1, p2]e((p2, a)).
This implies that ¢((p,a)) = (p, f(a)). Using (1), we have proven the result. O

Example 37 (Inner automorphism action). Given a locally trivial Lie groupoid G = M,
the inner automorphism action is the map:

G+ IG — IG
(9,h) = ghg™"

If G corresponds to a principal bundle P(m, G, 7), Theorem 6 shows that ZG is equivariantly

isomorphic as a Lie group bundle to the inner group bundle PLGG
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Given a Lie group action G x M — M, we constructed the action groupoid G x M = M.
Now we are going to construct the action groupoid of an action G * M’ — M’ of the Lie
groupoid G = M on f: M' — M.

It will be Gx M’ = M’ with s'(g,m") = m/, t'(g,m’) = gm/, inclusion i(m') = (1, m’),
multiplication x((h,n’), (g,m')) = (hg,m’) and inversion (g, m’)~* = (¢!, gm/).
Definition 59 (Action groupoid). The groupoid we constructed is noted by G£f or GALM’
and is the action groupoid associated to the action of G on f : M — M

Note that we can defined a canonical morphism beetwen G = M and G * M’ = M":

G+ M =G

Co

M/_f>M/

Example 38 (Action groupoid of a Lie groupoid acting on itself). Any groupoid G = M
can act on itself through the target map as follows:

GxG—G

(g,h) = gh
And, considering its action groupoid, its anchor defines an isomorphism of Lie groupoids
with G x5 G = {(g,h)|s(g) = s(h)} the subgroupoid of the pair groupoid.

Gxg— M L gx.g

ts' %

g
Note that (¢, 5)(t',s")(g,h) = (t,5)(gh,h) = (t'(g,h), s (g, h)).
In particular, for any Lie group G = {x}, the action groupoid G£G is isomorphic to the
pair groupoid G x G = G.
Actions groupoids can be characterized intrinsically as follows.
Definition 60 (Action morphism). Let ¢ : G — G be a morphism of Lie groupoids over
f: M — M, and let ¢’ be:
@/:g/%f,g:g*M,
g (e(g),5'(d))
Note that, since (¢, f) is a groupoid morphism, s(¢(¢") = f(s'(¢)).
© is said to be an action morphism if ¢’ is a diffeomorphism.
Remark 61. Given an action G x M’ — M’ the canonical Lie groupoid morphism beetwen
Gx M = M’ and G = M is an action morphism.
Since we are calling ¢ an action groupoid, are there an action associated to it? And, is
¢ the canonical morphism of it?

Theorem 62. Let ¢ : G — G be an action groupoid over a map f : M’ — M. Then
t'o (@)t f'G — M’ is an action of G on f: M' — M.
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PRrROOF. Since ¢’ is a diffeomorphism, it maps G, into Gy X {m'}, and ¢|g , : G, —
G(m) is a bijection, and ¢~ '(g) = (¢') "' (g, m’), so:
flgm') = (fot'o (#)7)(g.m') = (to o (¢))(g,m) = tg)
Let us see that h(gm’) = (hg)m’. It n' = t' o (¢')" ' (g,m'), f(n') = t(g) = s(h) and
o' (h) = (")} (h,n'). Since s'((¢") 7! (h,n')) = n' = t'((¢') "} (g,m)), so:

()M (k) ()M (g,m')) € G %G
And its multiplication is in G/ ,, so it is mapped by ¢ to hg, because it is bijective. 0]

It is easy to prove that this action and the canonical morphism associated to it are mutual
inverses.
Proposition 63. (1) Let ¢ : G" — G’ be an action morphism, and let G« M’ — M’ be
the associated action. Then, ¢’ : G — GL M’ is an isomorphism of Lie groupoids
over M’ and 71 0 ¢’ = .
(2) Let G« M’ — M’ be an action of a Lie groupoid on a smooth map f: M — M.
Then, the action induced by the action morphism ¢’ : f'G — G is the original
action.
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Date: 9 December \

Abstract: In the eight lecture we will mainly talk about linear actions, and the relation with repre-
sentation. We study a proposition that gives us a lot of examples as Riemannian frame groupoid, complex
frame groupoid... Lastly, we show how are the linear actions on the fundamental groupoid

7. Linear actions and frame groupoids

Definition 64. Let (E,q, M) be a v.b. and let Q x E — E be an action of a locally trivial
Lie groupoid €2 on ¢q. The action is linear if for each € 2, the diffeomorphism Ey¢) — Ey)
is a linear isomorphism.

Definition 65. Let Q be a locally trivial Lie groupoid on M and let (F,q, M) be a v.b.
Then a representation of Q on (F,q, M) is a morphism p : Q — ®(F) of Lie groupoids over
M.

Proposition 66. Let 2 = M be al.t.L.g. and let (FE,q, M) beav.b. If QxFE — Eis a linear
action of {2 on F then the associated map Q2 — ®(F), & — (u — fu) is a representation; if
p:Q — ®O(F) is a representation then (&, u) — p(&)(u) is a linear action.

PROOF. One direction follows from nothing that ®(£) « E — E is a linear action. For
the converse, suppose we have a linear action of 2 x £ — FE. It has to be proved that the
set map Q0 — ®(F) is smooth. Take a chart ¢ : U x V — Ey for E and use it to write
the map locally as Qy * (U x V) — U x V. It then follows easily that the associated map
Qu — U x GL(V) = ®(E)y is smooth. O

Now we study invariant sections.
Definition 67. Let Q x M’ — M’ be an action of a 1.t.L.g. € on a smooth surjection

(M',q,M). Then a section p € 'M" is Q-invariant if u(s(€)) = u(t()), for all & € Q. The
set of Q-invariant sections of M’ is denoted (I'M’)%.

If O+ E — E is a linear action on a vector bundle, then (T'E)% is an R-vector space with
respect to pointwise operations, but not usually a module over the ring of smooth functions
on M. A general fibre bundle doesn’t have to admit any (global) sections. In particular, a
vector bundle equipped with a linear action, (I'E)® may consist of the zero section alone.

Proposition 68. Let {2 = M be a locally trivial Lie groupoid and let {2 x ' — E be a
linear action of €2 on a vector bundle (E, g, M). Choose m € M, and write V for E,, and G
for 2", Then the evaluation map
(TE)® = VE, s p(m)
41
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is an isomorphism of R-vector spaces.

PROOF. The map is clearly injective. Given v € V¢, define p by u(z) = &v where € is
any element of QF . Clearly u(x) is well defined; u is smooth because T, : Q,, — M is a
surjective submersion. 0

Example 39. Consider the principle bundle SO(2)(S?, Z,, p) where Z, is embedded in SO(2)
as {1,—1} and p is z — 2% Let Q be the gauge groupoid and let E be the vector bundle
SO(2) x R/Zy, where Zy acts on R by multiplication; this is the Mo6bius band. Then
(TE)® = R%2 is the zero space.

Proposition 69. Let 2« ¥ — E be a linear action of a locally trivial Lie groupoid €2 on a
v.b. E. For each x € M, define E7%|, to be

E% = {uc E,;; Au=u, YA€ Q).
Then EY is a subvector bundle of E, and there is a natural trivialization

M x V¢ = BI9

PrROOF. Let {w; : U; — Q,,} be a section-atlas for Q, and write V = E,,,, G = Q.
Define ¢; : U; x VE — BTy by (z,v) = w;(z)(v). Then v;, maps V¢ isomorphically onto
E7YY,.

To define the trivialization, note that for x € M and any two &,& € QF | the maps V¢ —
B9, v &v and v — v are identical. O

Proposition 70. Let (F, g, M) be a vector bundle and n > 1.

(i) The action ®(F) * Hom"(E; M x R) — Hom"(FE; M x R) defined by o = @ o (£71)"
is smooth.
(ii) The action ®(FE)+Hom"(E; E) — Hom"(E; E) defined by £p = £ogpo (£71)™ is smooth.
(iii) Let (E’,p/, M) be another v.b. on the same base. Then the action

(P(F) Xyxm ®(E")) * Hom(F; E') — Hom(E; E')
defined by (£,£ )¢ = £ o0 po &1 is smooth.

In (iii) the product is the product of locally trivial Lie groupoids over a fixed base in the
sense of the following result, which is easily proved.

Proposition 71. Let Q and ' be 1.t.L.g. over the same base M. Let © Xy € be the
pullback manifold of the two anchors (t,s): Q — M x M and (¢',s") : ' — M x M. Then,
with the componentwise algebraic structure, € X 57 € is a locally trivial Lie groupoid on
M and the two projections QX pry 7 — Qand QX 741, — Q' are surjective submersions.

The Lie groupoid structure on Q Xr«ar € can be defined for weaker local triviality

conditions, but the full properties of a product in the categorical sense over the fixed base
M will be lost.
Remark 72. Hom™(E; E') denotes the vector bundle on M whose fibre over z € M is the
space of n-multilinear maps F, X --- x E, — FE! and whose bundle structure is induced
from the bundle structure of £ and E’ in the usual way. The actions (i) and (ii) restrict to
the subbundles Alt"(E; E') and Sym"™(E; E’) of alternating and symmetric multilinear maps;
further, Hom(F; E’) in (iii) could be replaced by Hom™(F; E’) and the obvious action.
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Lastly, there are analogous actions of ®(F) on the tensor bundles ®’F.
Before we start with the examples, we recall a past Theorem:

Theorem 73. Let 2 be a L.t.L.g. on M and let Q% M’ — M’ be a smooth action of € on
the fibre bundle (M’ q, M). Let p € M’ be an 2-deformable section. Then the stabilizer
groupoid Q{u} of Q at p is a closed embedded reduction of €.

Example 40. Let (E,q, M) be a vector bundle, and let (,) be a Riemannian structure in
E, regarded as a section of Hom?(E; M x R). Then (,) is ®(E)-deformable with respect to
the action of (i), since any two vector spaces of the same dimension with any positive-
definite inner products, are isometric. Denote the stabilizer groupoid of (,) by ®o(F). By
Theorem , it is a locally trivial Lie groupoid on M, the Riemannian frame groupoid or
orthonormal frame groupoid of (E,(,)). A section o : U — P (E),, of Pp(F) is a moving
frame for £, and the local triviality of ®»(F) is equivalent to the existence of moving frames
in F.

Example 41. A complex structure in a vector bundle (E, ¢, M) is an endomorphism J : £ —
E such that J? = —id. Such a J has constant rank and so, regarded as a (1, 1) tensor field,
J is ®(E)-deformable with respect to the action of (70])(ii). Denote the stabilizer groupoid
of J by ®¢(F). By Theorem it is a locally trivial Lie groupoid on M, the complex frame
groupoid of (E,J).

If £ further has a Hermitian metric (,) for the given J, then the argument of the previous
example applies, and there is a 1.t.L.g. ®y(E) < Oc(F) of Hermitian frames. ®y(F) is the
Hermitian frame groupoid or unitary frame groupoid of (E,J,(,)).

Example 42. Similarly, if A is a determinant function in a vector bundle (E, ¢, M), regarded
as a never-zero section of Alt"(E; M x R) where r = rankF, then A is ®(FE)-deformable and
the groupoid of orientation-preserving isomorphisms between the fibres of E is a closed
embedded reduction of ®(FE), denoted & (F).

Example 43. Let (L, q, M) be a v.b. and let [,] be a section of Alt?*(L; L) such that each
[]e: Ly X Ly — Ly

is a Lie algebra bracket. We call such a section a field of Lie algebra brackets in L.

A field of Lie algebra brackets need not be ®(L)-deformable. For example, let g be a
non-abelian Lie algebra with bracket [,] and in L = R x g define [, |; = ¢[ , ]. However
Theorem ([73|) implies that if [ , ] is a field of Lie algebra brackets in a vector bundle L and
if the fibres of L are pairwise isomorphic as Lie algebras, then L admits an atlas of charts
which fibrewise are Lie algebra isomorphisms. In this case, (L, |, ]) is a Lie algebra bundle
and we denote the stabilizer groupoid by ® . (L).

Example 44. Let p be a section of a vector bundle £ on a connected base M. Then, by a
similar argument, E has an atlas of charts U x V' — Ep such that the local representatives
U — V of u are constant, if and only if u is either never zero or always zero. This result is
well known in the case of tangent vector fields.

A similar treatment may be applied to any tensor structure on a vector bundle.
It is worth noting that in the previous two examples, the condition of pairwise isomor-
phism, or of being never zero or always zero, need hold only on each component of the base
separately. A similar comment applies to the next example.
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Example 45. Let (E”,q,, M), v = 1,2, be vector bundles on base M, and let ¢ : B! — E?
be a morphism, considered as a section of Hom(E'; E?). Then ¢ is ®(E') X yxn P(E?)-
deformable if and only if it is of constant rank. Now Theorem shows that if this is the
case, there are atlases {7 : U; x V¥ — EY, }, v = 1,2, and a linear map F : V' — V? such
that each ¢ : Ef, — Ef is represented by (z,v) = (z, f(v)).

This is a vector bundle version of the standard characterization of a subimmersion (though
in order to apply to general subimmersions M — N it must be extended to varying base
manifolds). This result will be useful in the abstract theory of transitive Lie algebroids.

Actions of Lie groupoids on bundles where the fibres have algebraic structures of other
types can handled in a similar way. We briefly consider the case of actions on Lie group

bundles.

Consider an LGB (K, ¢, M). An action of a locally trivial Lie groupoid Q2 = M on K is
said to be an action by Lie group isomorhisms if each isomorphism § : K, — K,, £ € ), is
a Lie group isomorphism.

Let ®(K) denote the groupoid of all Lie group isomorphisms between the fibres of K. Using
the standard Lie group structure on the automorphism group of the fibre type of K, ®(K)
has a 1.t.L.g. structure, and actions of a Lie groupoid €2 on K by Lie group isomorphisms
can be identified with Lie groupoid morphisms Q — &(K).

Definition 74. Let € be a locally trivial Lie groupoid on M and let (K, ¢, M) be an LGB.
An extension of Q) by K is a sequence

K- U250
in which W is a locally trivial Lie groupoid on M, ¢ and 7 are groupoid morphisms over M,
¢ is an embedding, 7 is a surjective submersion, and im(¢) =ker (7).
It is easy to see that the condition that ¥ be locally trivial is superfluous.

Example 46. Let K ~ U 5 O be an extension as in the definition with K an abelian
LGB. For ¢ € ¥, z,y € M, choose ' € WY with w(¢') = £ and define p(§) : K, — K, as
A = &AL the restriction of I Tt is clear that p(€) is well defined. Now I : U — ®(K)
is smooth and 7 is a surjective submersion so p : @ — ®(K) is smooth. This p is the
representation associated to the extension K»—W¥—().

Example 47. We consider the fundamental Lie Groupoid:
(M) == {[v};y:[0,1] = M}.

The linear action p([v]) : E, — E, must be a linear isomorphism, depends only on the path,
and verify:

o p([r2xml) = p([ra2]) o p([m]),
e p([c;]) = idg, for a constant path c,.

We need F to have a flat connection, an horizontal parralel transport,

Tyt Eyo) = Eyq),
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which depends only on the class of ~.
So p([y]) := 7, defines a linear action on II; (M). The linear action of II; (M) over the fibre
bundle £ — M is given by

]z =y p(Y]) : Er = Ey.






Lecture 9 — O. Carballal (UCM)

Date: 16 December, 2025‘

Abstract: In this talk, I will present several constructions in the category of Lie groupoids, includ-
ing pullbacks, fibered products, and homotopy pullbacks. Then, some notions of equivalence between Lie
groupoids will be discussed, focusing in particular on Morita equivalence, which plays a central réle in the
modern approach to differentiable stacks, foliation theory, and geometric quantisation. Several of the con-
structions and equivalence notions will be illustrated through examples coming from the theory of foliations.

Let us start discussing the problematic of arbitrary pull-backs in the category of smooth manifolds.

Example 48. Let f,g: R — R? be the smooth maps defined by f(t) := (¢,0) and g(t) := (t,t3). We clearly
have that
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Lecture 10 — Asier Lépez-Gordén (IMPAN)

Date: 13 January, 2026‘

Abstract: In this talk, I will present the notion of Lie algebroid and illustrate it with several examples.

The main reference for this lecture is [2].

Let me start by recalling how the Lie algebra of a Lie group is defined. Let G be a Lie group, and let X(G)
denote the set of vector fields on G. The subset of left-invariant vector fields on G is given by

X(G) ={X eX(G)|(Ly)« X=X, VgeG}.
Note that
(L)X, Y] = [(Lg). X, (Ly).Y], VgeG, VX,Y €X(G).
Thus, X1 (G) is a Lie subalgebra of X (G) with respect to the Lie bracket [-, -] of vector fields on G, namely,
X, Y €eX,(G) = [X,Y] € X.(G).

Moreover, as a real vector space, X (G) is isomorphic to the tangent space T.G at the identity. More
precisely, we can define the isomorphism

U:T.G3v 0 e XL(G)
E = TeLg(U) )
with inverse
() =1L
Indeed, for every g, h € G, we have that

((Lg)ﬁ)h = TyinLg(byn) = Ty Ly 0 TeLy1.4(v) = ToLn(v) = B .

Definition 75. The Lie algebra of a Lie group G is the vector space g := Lie(G) endowed with the Lie
bracket

[,]:gxg—g
[v,w] = [V, W], = [¥(v), T(w)]

e

We would now like to extend this notion to Lie groupoids.
Definition 76. Let G =% M be a Lie groupoid. A left-invariant vector field on G is a vector field X € X(G)
such that:

(1) X is tangent to the t-fibers, i.e. Tyt(Xy) =0 forall g € G,
(2) ThL,(Xy) = X, for every (g, h) € G2,

We shall denote the set of left-invariant vector fields by X1.(G).

Lemma 77. The set of left-invariant vector fields is closed under the Lie bracket of vector fields, i.e., X1(G)
is a Lie subalgebra of (X(G), [, ])-

49
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PROOF. A vector field X € X(G) is tangent to the ¢-fibers if and only if
X(fot)=0, Vfe?®™0G).
Hence, for each pair of vector fields X,Y € X1 (G) we have that
[X,Y](fot)=XoYofot—YoXofot=0, Vfe&>G),

which implies that [X,Y] € X1(G).

For each fixed g € G, with s(g) = z and t(g) = y, the left translation

Lyi t71(@) > ()
is a diffeomorphism. For each X,Y € X1 (G), we have that
(Lg)*X‘t—l(w) = X|t—1(y) 3 (Lg)*Y|t—1(m) = Y|t—1(y) )

and thereupon
(L)l X, Y110y = Bde [Xlior oy Vo] = [(E0)e X s ()Y 11

= [X|t—1(y)7y|t—1(y):| = [X, Y“t_l(y)'

Hence,
ThLlX,Y]n = [X,Y]gh, Vg,heG®.

We define the following vector bundle over M:
A(G) =ker Tt[, ) = u”(ker Tt),

and denote its space of sections by I'(A(G)).
Lemma 78. As vector spaces, I'(A(G)) and X1, (G) are isomorphic.

PROOF. The isomorphism ¢: I'(A(G)) — X (G) is given by
50(0‘) = Ha gg = TeLg(as(g)) 3 vQ € ga
and its inverse reads
e H(X) = Xluan -
Clearly, a € ker Tt|u( M) is equivalent to o being tangent to the ¢-fibers. Moreover,

TuLy(&n) = ThLy o TeLn(asny) = TeLgn(asn) = TeLgn(asign)) = &g -

The anchor is the vector bundle map p: A(G) — TM given by
pla) =Ty, s(a), VaeA(G), =ker(Ty,t), VzeM,
Lemma 79. The bracket of sections I'(A(G)) satisfies the Leibniz identity
(o, £8] = flaw B + p(@)()B, ¥a.BET(AWQ)), Vfee>(M).

PrOOF. For each a € A(G),, we have that
5:(0) = s5.(¢7 () = T, s(a) = p(a),

i.c. @ and p(a) are s-related. In addition, for each f € € (M) and for all g € G
(.

ag = p(fa)y = TeLy(f(x) alz)) = f(2) TeLy(a(2)) = f(2) &, = ((fo5)@)(9),
where z = s(g), i.e., "
fa=s"(f) .
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Hence,
P

o 1Bl = [@.78] =[5 B =" (0 [£. 5] + & (s (1) B
= Fla Bl + p(@)(1)B = fla Bl + p(@) (B,

where we have used the standard Leibniz rule for the Lie bracket of vector fields on the third step. Conse-
quently,

(o, 8] = ¢([ov, £8]) = o (flev, B] + p(e)(f)B) = flov, B] + p(e) (f)B-

Definition 80. A Lie algebroid is a vector bundle A — M endowed with:
e a Lie bracket [-,-]4 on I'(A),
e a vector bundle morphism

A—Fr L TM

satisfying the Leibniz identity:

[ava]A:f[avﬁ]A""p(O‘)(f)ﬁ: vaaﬁEF(A)7 vfe(goo(M)
The map p is called the anchor of A.

Given a Lie groupoid G — M, we call A(G) the Lie algebroid of G. A Lie algebroid A is called integrable
if A~ A(G) for some Lie group.

Proposition 81. The map p: I'(A) — X(M) induced by the anchor preserves the brackets, namely,
p([ev, B]a) = [p(a), p(B)] . Vo, B €T(A).

PROOF. Let o, 8,y € T'(A) and f € C*(M). Applying the Leibniz rule twice, we have that
[, [B, frlala = [ f[B,7]a + (p(B)f)V]a
= [a, f[B,7]ala + [, (p(B) f)V]a
= fla, [B,7]ala + (p(a) £)[8,7]a + (p(B) )l v]a + (p(a)p(B) )

and analogously
8, [a, fAlala = fIB, [, 7] ala + (p(B) f)le, 7]a + (p(@) £)[B,7]a + (p(B)p(a) f)y
By the Jacobi identity,
[l B]as fo]a = [a, [B, fv]ala — B, [, fy]ala
= f([a [B,7]a)a = [B, [, 7] a]a) + (p(a)p(B) f — p(B)p(a) f) (13)
= flla, Bla,7]a + ([p(@), p(B)]x(an) )Y
On the other hand, by the Leibniz rule we have
[lev, Bla, fA]a = fllev, Bla, v]a + (p([es B]a) )Y (14)
Combining equations and yields
(lp(a), p(B)]x(any )y = (p([e, Bla) f)v, Ve, B,y €T(A), Vfed™(M),
from where the seeked identity follows. O

Example 49 (Tangent bundle). For any manifold M, we can regard its tangent bundle A = TM — M as an
algebroid, with p = Idtys and [+, -] 4 the usual Lie bracket on X(M). As a matter of fact, it is an integrable
Lei algebroid, because TM = A(M x M) for the groupoid M x M = M.
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Example 50 (Involutive distribution). A vector sub-bundle D C TM such that [X,Y] € I'(D) for all
X,Y € T(D) is a Lie algebroid with p = ¢t: A — TM the natural inclusion. In fact, by the Frobenius
theorem, it is an integrable Lie algebroid.

Example 51 (Lie algebra). A Lie algebra g can be regarded as a trivial Lie algebroid A = g — {x}.

Definition 82. Let A — M be a Lie algebroid with anchor p. The isotropy Lie algebra of A at x € M is
the vector subspace
gr = kerp, C A,
equipped with the Lie bracket
[, Belg, = [, Bla(z) .

Note that the bracket [, ]y, is well-defined, i.e., independent on the choice of extensions a, 3 € I'(4)
for o, By € gz. Indeed, let o, &, 8,0 € I'(A) such that a(z) = &(z) = a, and B(z) = B(z) = B,. We can
choose a basis {v;} of local sections of A around z, and write

a::a—dzz:fi%,
where f; € €°(M) with f;(z) = 0. Thus,
o, 84 — (@, Bla = [ — & Bla = [0, 8la = > _[fivi: Bla = Y (filvir Bla — (p(B) fi)vi) »

? 7

where we have applyed the Leibniz rule in the last step. Since f;(x) = 0 and 8, € ker p,, the right-hand side
vanishes at x, which implies that

la, Bla(z) = [&, Bla(z) .

By the skew-symmetry of the bracket, the same argument applies to extensions of 3., namely,

[, Bla(z) = (8, a]a(x) = ~[5, o] a(z) = [, fla(z).

If A= A(G) for a Lie groupoid G = M, then
gr =kerT; sNkerTy,t,
which is the Lie algebra of the vertex group (a.k.a. the isotropy group) G = s~ !(z) Nt~ 1(x).

For a general Lie algebroid A — M, we can define a bundle of Lie algebras
g(A) =kerp = U ker p. ,
zeM
which in general is not smooth. We call A a regular Lie algebroid if p has constant rank, so g(A4) is a smooth
bundle. If A is regular, we have a short exact sequence of Lie algebroids:

00— kerp—A—Imp—0.

Moreover, Im p C TM is an integrable distribution, and its associated integral foliation F is called the orbit
foliation of the regular algebroid. It is also possible to define a (singular) orbit foliation for non-regular Lie
algebroids:

.FA:{Oi}, TmOi:Impf, Ve e O,;.
A Lie algebroid is called transitive if Imp = TM.

Definition 83. Let A; — M and Ay — M be two Lie algebroids over the same base. A morphism of Lie
algebroids is a vector bundle morphism ®: A; — Ay such that:

®([a,Bla,) = [8(a). B(8)],,, VauB e T(4),
and
p2o®=py.
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Example 52 (Atiyah algebroid). Let 7: P — M be a G-principal bundle. Its Atiyah algebroid is the vector
bundle A := TP/G — P/G, with the anchor p: A — TM induced by Tw: TP — TM:

G
@P — 5 A=TP/G

el

The Lie bracket [-, -] 4 is induced by the restriction of the Lie bracket of X(P) to the set X (P) of G-invariant
vector fields, namely,

Xg(P)={XeX(P)|g. X=X, VgeG}.
One can easily see that A is the Lie algebroid of the gauge groupoid (a.k.a. Atiyah groupoid) G = (PxP)/G =
M.

If A~ A(G) is an integrable and transitive Lie algebroid, then the anchor

p: A(G) =ker Tt[,py) 2 a = Ty, s(a) € TM
is surjective, and thus the restriction of the target map ¢: G, — M is a surjective submersion. By Proposi-
tion [20] this in turn implies that G = M is locally trivial. By Proposition G is isomorphic to the gauge
groupoid (G, x G,)/GZ. In conclusion, an integrable transitive Lie algebroid A — M is isomorphic to the
Atiyah algebroid of some principal bundle P — M.

Example 53 (Action algebroid). Let a: g — X(M) be an infinitesimal action of a Lie algebra g on a manifold
G. We define the associated action algebroid as the vector bundle A = M x g — M, with the anchor

p: M xg> (xaf) = a(g)z €T, M,
and the Lie bracket on I'(4) ~ € (M, g)
[ 9)a(z) = [f(2), 9(2)]g + (Latr@)9) (@) = (Lagan f) (2)-

As one could expect, given a Lie group action of G on M, the action groupoid has as associated Lie algebroid
the action algebroid of g = Lie(G).
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